Abstract. This note is devoted to some properties of weak solutions to the compressible isentropic Navier-Stokes equations in dimension 2 or 3. First, the restrictions on the pressure growth for the known global existence and stability results are illustrated through explicit radial solutions. On the other hand, an improved global time regularity is derived for the momentum.
Introduction
Let be a bounded domain of R n (n = 2 or 3) lled with a viscous compressible uid of density 0 and velocity u. The Navier-Stokes equations for compressible and isentropic uids read as @ t + div ( u) = 0 in D 0 ((0; T) ); (1) @ t ( u)+div ( u u)? u?r( div u)+rp( ) = f in D 0 ((0; T) ) n ; (2) u j@ = 0; p(s) = as ; where a > 0 and > 1;
where f denotes the external forces and the viscosity coe cients ; are assumed to satisfy > 0 and + 2 > 0.
Before the work of P.-L. Lions, very little was known about global existence of solutions to the compressible Navier-Stokes equations with large initial data, at least when n 2. In 3] 4] 5], he proved a global existence and stability Theorem under the following assumptions on the data 0 2 L 1 ( )\L ( ); 0 0; f 2 L 1 (0; T; L 2 =( ?1) ( )) n for all T > 0; (4) m 0 2 L 2 =( +1) ( ) n and jm 0 j 2 = 0 2 L 1 ( );
where we agree that jm 0 j 2 = 0 = 0 on ?1 0 (f0g). Assuming (4) (5) and 0 ; where 0 = 3 2 if n = 2; and 0 = 9 5 if n = 3; 
However, Theorem 1 does not hold for monoatomic ( = 5=3) and diatomic ( = 7=5) gases in dimension 3. The restriction (6) appears at the very end of the stability proof, where a L 2 loc ( 0; 1) ) a priori bound is needed to control the oscillations of the density (see 3] 5] for details). Condition (6) then stems from the fact that the best available integrability of the density is 2 L q loc ( 0; 1) ) for q = ? 1 + 2 =n.
In the rst section, which is based upon the work of Weigant 6], we build explicit solutions for which we describe the maximal integrability of the density. De ning the exponents q and as q = (3n+2)?n 2n and = 5n 3n+2 ( = 5 4 or 15 11 when n = 2 or 3); (8) and looking for spherically symmetric solutions in the unit ball B, we obtain Proposition 1 Given any 2 (1; 3] In particular, q < 2 as soon as < , which gives some evidence that the proof of Theorem 1 does not adapt to the range 2 (1; ). Besides. the question whether such radial solutions are stable under nite energy perturbations on the initial data is an interesting open problem, even when 2 ; 0 ), where L 2 bounds are available on the density.
In the second part, we give a re ned a priori time regularity for the velocity eld which holds as soon as > n=2. In Theorem 1, the momentum m = u is shown to belong to C( 0; 1); L 2 =( +1) ( ) ? w). Modifying arguments we used in a previous work for incompressible models 2], we prove that the momentum of the Navier-Stokes equations has actually some time regularity with values into L 2 =( +1) endowed with its strong topology.
Restrictions on
Let B = B(0; 1) be the unit ball of R n (n 2). Following Weigant 6] , we want to built spherically symmetric solutions to (1) (2) (3) in B. Denoting by r = jxj the radial coordinate, we assume that (t; x) = (t; r), f(t; x) = f(t; r)x=r, and u(t; x) = u(t; r)x=r. Equations (1) (2) (3) For simplicity, we only consider the case when = R n (n 2) and f 0. However, similar results hold when is a bounded domain or the n{dimensional torus T n , and when f is integrable enough. Let 2 C 1 0 (R n ), non negative, such that R R n dx = 1, and de ne " by " (x) = " ?n (x="). Given g 2 D 0 (R n ), we denote g " the molli ed distribution g " = g " and recall that for all v 2 H 1 (R n ) n jv ? v " j L q (R n ) C q " 1?s jrvj L 2 (R n ) for all q such that 1 
C" 2? n + C( ? ) ; (19) and recalling that p u2L 1 (0; T; L 2 (R n )), we conclude for small enough ". Therefore, applying Lemma 1 respectively to r(t; x) = + (t; x) and r(t; x) = (s; x), and using (1) Using equation (2) and denoting w the di erence u + ? u, we obtain 
Finally we conclude choosing " = h 1 n .
